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Abstract 

We introduce the concept of fractional derivative of Riemann-Liouville on time scales. 
Fundamental properties of the new operator are proved, as well as an existence and uniqueness 
result for a fractional initial value problem on an arbitrary time scale. 
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1 Introduction 

Let T be a time scale, that is, a closed subset of R. We consider the following initial value problem: 

*0 AW) =/(hyp)), t e [to, to + a] = J c T, 0 < a < 1, (1) 

l4"V(io) = 0, (2) 

where J 0 D f is the (left) Riemann-Liouville fractional derivative operator or order a defined on T, 

J Q I 1 a the (left) Riemann-Liouville fractional integral operator or order 1 — a defined on T, and 
function j \ J x T —R is a right-dense continuous function. Our main results give necessary and 
sufficient conditions for the existence and uniqueness of solution to problem © ©• 

2 Preliminaries 

In this section, we collect notations, definitions, and results, which are needed in the sequel. We use 
C(U\R) for a Banach space of continuous functions y with the norm ||y||oo = sup{|j/(f)| : t C J }, 
where J is an interval. A time scale T is an arbitrary nonempty closed subset of R. The reader 
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interested on the calculus on time scales is referred to the books mis]- For a survey, see E3- Any 
time scale T is a complete metric space with the distance d(t, s) = \t — s|, t, s G T. Consequently, 
according to the well-known theory of general metric spaces, we have for T the fundamental 
concepts such as open balls (intervals), neighborhoods of points, open sets, closed sets, compact 
sets, etc. In particular, for a given number <5 > 0, the ^-neighborhood U s(t) of a given point t G T is 
the set of all points s G T such that d(t, s) < S. We also have, for functions / : T —>• R, the concepts 
of limit, continuity, and the properties of continuous functions on a general complete metric space. 
Roughly speaking, the calculus on time scales begins by introducing and investigating the concept 
of derivative for functions / : T —> R. In the definition of derivative, an important role is played 
by the so-called jump operators [9j- 

Definition 1. Let T be a time scale. For t £ T we define the forward jump operator a : T — > T by 
aft) := inf{s G T : s > t}, and the backward jump operator p : T —>• T by pft) := sup{s G T : s < t}. 

Remark 2. In Definition QJ we put inf 0 = supT (i.e., a{M) = M if T has a maximum M) and 
sup0 = inf T (i.e., pirn) = m if T has a minimum m), where 0 denotes the empty set. 

If aft) > t, then we say that t is right-scattered; if pft) < f, then t is said to be left-scattered. 
Points that are simultaneously right-scattered and left-scattered are called isolated. If t < supT 
and aft) = t, then t is called right-dense; if t > inf T and pft) = t, then t is called left-dense. The 
graininess function p : T —>• [0, oo) is defined by pft) := aft) — t. 

The derivative makes use of the set T K , which is derived from the time scale T as follows: if T 
has a left-scattered maximum M, then := T \ {M}; otherwise, T K := T. 

Definition 3 (Delta derivative [T]). Assume f : T —» R and let t G T K . We define 


f A (t) 


:= lim 

s—vi 


/M^) - fit) 

a(s) — t 


t ^ a(s), 


provided the limit exists. We call f A (t) the delta derivative (or Hilger derivative) of f at t. 
Moreover, we say that f is delta differentiable on T K provided f A (t) exists for all t G T K . The 
function f A : T K —>■ M is then called the (delta) derivative of f on T K . 

Definition 4. A function f : T —>• K. is called rd-continuous provided it is continuous at right- 
dense points in T and its left-sided limits exist (finite) at left-dense points in T. The set of 
rd-continuous functions f : T —>- R is denoted by C r d- Similarly, a function f : T —>• ffi. is called 
Id-continuous provided it is continuous at left-dense points in T and its right-sided limits exist 
(finite) at right-dense points in T. The set of Id-continuous functions f : T —> K. is denoted by Cm- 

Definition 5. Let [a, b] denote a closed bounded interval in T. A function F : [a, b] —> R. is called a 
delta antiderivative of function f : [a, b) —> R provided F is continuous on [a, b], delta differentiable 
on [a, b), and F A ft) = fft) for all t G [a, b). Then, we define the A-integral of f from a to b by 


[ b f(t).At := F(b) — F(a). 
J a 


Proposition 6 (See [3]). Suppose T is a time scale and f is an increasing continuous function 
on the time-scale interval [a, b]. If F is the extension of f to the real interval [a, b] given by 


f(s) ifs Gl, 

f(t) ifs G (t,a(t)) £ T, 


then 


f(t)At < 



F(t)dt. 


We also make use of the classical gamma and beta functions. 
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Definition 7 (Gamma function). For complex numbers with a positive real part, the gamma 
function F(f) is defined by the following convergent improper integral: 



x* 1 e X dx. 


Definition 8 (Beta function). The beta function, also called the Euler integral of first kind, is the 
special function B (x,y) defined by 


B (x,y) := f t x : (1 — t) v 1 dt , x > 0, y > 0. 

Jo 

Remark 9. The gamma function satisfies the following useful property: F(t + 1) = tT(t). The 
beta function can be expressed through the gamma function by B(a :,y) = . 


3 Main Results 

We introduce a new notion of fractional derivative on time scales. Before that, we define the 
fractional integral on a time scale T. This is in contrast with @sm, where first a notion of 
fractional differentiation on time scales is introduced and only after that, with the help of such 
concept, the fraction integral is defined. 

Definition 10 (Fractional integral on time scales). Suppose T is a time scale, [a, b] is an interval 
of T, and h is an integrable function on [a,b\. Let 0 < a < 1. Then the (left) fractional integral 
of order a of h is defined by 



(t - s) a ~ l 

T(a) 


h{s)As, 


where T is the gamma function. 

Definition 11 (Riemann-Liouville fractional derivative on time scales). Let T be a time scale, 
t G T, 0 < a < 1, and h : T —> R. The (left) Riemann-Liouville fractional derivative of order a 
of h is defined by 

) (/V - »r a h(8)As^ . (3) 

Remark 12. If T = R, then Definitional^ gives the classical (left) Riemann-Liouville fractional 
derivative m- For different extensions of the fractional derivative to time scales, using the Caputo 
approach instead of the Riemann-Liouville, see ®ep- For local approaches to fractional calculus 
on time scales we refer the reader to Here we are only considering left operators. 

The corresponding right operators are easily obtained by changing the limits of integration in 
Definitions 1101 and 1111 from a to t (left of t) into t to b (right of t), as done in the classical 
fractional calculus m- Here we restrict ourselves to the delta approach to time scales. Analogous 
definitions are, however, trivially obtained for the nabla approach to time scales by using the duality 
theory of 110] /. 

Along the work, we consider the order a of the fractional derivatives in the real interval (0,1). 
We can, however, easily generalize our definition of fractional derivative to any positive real a. 
Indeed, let a G R + \ N. Then there exists fi G (0,1) such that a = + A where \a\ is the 

integer part of a, and we can set 

J D a h -= t iA aL “ J 

a^t 11 ' a^t 11 

Fractional operators of negative order are defined as follows. 
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Definition 13. If —1 < a < 0, then the (Riemann-Liouville) fractional derivative of order a is 
the fractional integral of order —a, that is, 


T n “_Tr° 


Definition 14. If— 1 < a < 0, then the fractional integral of order a is the fractional derivative 
of order —a, that is, 

Tr“_ T n -a 

a 1 t ■— a u t ' 


3.1 Properties of the time-scale fractional operators 

In this section we prove some fundamental properties of the fractional operators on time scales. 
Proposition 15. Let T be a time scale with derivative A, and 0 < a < 1. Then, 

Proof. Let h : T —» R. From ([3]) we have 

I D t h (t ) = ^ {t - s)- a h{s)As' S j 

= (lll-°h(t)) A = (Aoll}-‘*)h(t). 

The proof is complete. □ 

Proposition 16. For any function h integrable on [a, b\, the Riemann-Liouville A-fractional 
integral satisfies ° J/f = q/“ + ' 3 for a > 0 and /3 > 0. 

Proof. By definition, 


Tf o T r/3 

a 1 1 ° a 1 t 


(h(t))= T X 

(t-s) 01 - 1 (l/f(M s ))) As 


F(a) 


ot —1 


r( 


r(«)r(/3) 

i 


r(/3) 


J (s — u) j3 1 h(u)Au'j As 


mLO t ~ sr ' Hs ~ u)B ~ ll,{u)AuAs 

[ [ S (t-s) a - 1 (s-u) f} - 1 h(u)Au+ [ (t — s) a ~ 1 (s — u)P~ 1 h(u)A 

J a J a J s 


r(a)ros) 

r , TFTm f \ f* - s ^~^ s - A 

r(a)r(/3) j a ij a 


As 


As. 


From Fubini’s theorem, we interchange the order of integration to obtain 

(l J t °l I t) Oft)) = r(a)r(/f) J a J (*- s ) a ~ 1 ( s ~ u ) (1 ~ lh ( u ) As Au 


f Fmniy^ i{s - ur ' As . 

mmll fr-r-H. 


h(u)Au 

h(u)Au. 
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By setting s = u + r(t — u), r £ R, we obtain that 


(I/MO wm 


fwm I! II! {1 - 

f@l 1 1(1 - 

B{a,0) 


h(u)Au 


r(a)r(/3) 

=1 


[\t ur+e-'hiu)An = 1 f\t - 

Ja r {a + /3)J a 


The proof is complete. 

Proposition 17. Tor any function h integrable on [a, 6] one /ias a-D^ ° = ^• 

Proof. By Propositions [T5l and fl6l we have 


□ 


D a t oll?h{t) = 


f l-a 

a 1 1 


1 1 

a 1 1 


A = [li t h(t)] A = h(t). 


The proof is complete. □ 

Corollary 18. For 0 < a < 1, we have o f i D t “ = Id and Jl t ° o = Id, where Id denotes 
the identity operator. 

Proof. From Definition ITT! and Proposition [T71 we have that o^Df a = JD" o fl" = Id; from 
Definition fTT! and Proposition [T3 we have that „/ t " o III = o = Id. □ 

Definition 19. For a > 0, let J/°([a, 6]) denote the space of functions that can he represented by 
the Riemann-Liouville A integral of order a of some C([a, b\)-function. 

Theorem 20. Let f £ C([a,b]) and a > 0. In order that f £ ^J“([a, b}), it is necessary and 
sufficient that 

ll 1 ~ a f£C 1 ([a,b ]) (4) 

and 

(K- a m)| t=a = o. (5) 

Proof. Assume / £ £/“([a, 6]), /(f) = ll? g{t) for some g £ C([a, 6]), and 

i/h“(/(f))=i/h°(i/M>). 

From Proposition 1161 we have 

fgMAs. 

J a 

Therefore, °f £ C([a,b]) and 


(o 7 t “/W) t=a = 9 {s)As = 0. 


Conversely, assume that / € C([a,b}) satisfies (J4)) and ©. Then, by Taylor’s formula applied to 
function “/, one has 


7(i) = / 


Vt e [a, 6]. 
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Let tp(t) := a fit)- Note that p € C([a,b}) by (0]). Now, by Proposition [TGl we have 


X a m)= T jMt)= T Jt iftm 


and thus 

Then, 


a t W W/ a tr\ u / a t a t 

r l—at, „ , xx tp r l—a. 


T 

a ± t 


i t (/(*))-;/, 


= 0 . 


l I 

a 1 1 


1—a 


f-ih im 


= 0. 


From the uniqueness of solution to Abel’s integral equation this implies that / — <p = 0. 

□ 


Thus, f = J a I t p and / € T a I t [a, b\. 

Theorem 21. Let a > 0 and f £ C([a, b}) satisfy the condition in Theorem \2(A Then, 

(:«»;) (/>=/. 

Proof. By Theorem Mil and Proposition flbl we have: 




alt 


= ll“<p(t) = f(t). 


The proof is complete. 


□ 


3.2 Existence of Solutions to Fractional IVPs on Time Scales 

In this section we prove existence of solution to the fractional order initial value problem © m 
defined on a time scale. For this, let T be a time scale and J = [to, to + a] C T. Then the function 
y £ C{J , R) is a solution of problem © © if 

J 0 D *y(t) = f(t,y) on J , 
ll"y(t 0 ) = 0. 

To establish this solution, we need to prove the following lemma and theorem. 

Lemma 22. Let 0 < a < 1, J C T, and f : J x R —» R. Function y is a solution of problem 
© © if and only if this function is a solution of the following integral equation: 

y{t) = ^ 7 -T f (t — s) Q-1 /(s, y(s))As. 

r(a) Jt 0 

Proof. By Theorem [Ml o (J o D^{y{t))) = y{t). From © we have 

y(t) = riMT / (t- s) Q_1 /(s,?/(s)) A s. 

r (a) Jto 

The proof is complete. □ 

Our first result is based on the Banach fixed point theorem El- 

Theorem 23. Assume J = [to, to + a] C T. The initial value problem ©-© has a unique 
solution on J if the function f(t,y) is a right-dense continuous bounded function such that there 
exists M > 0 for which |/(t,y(t))| < M on J and the Lipshitz condition 

3L > 0 : Vt £ J and x,y £ R, ||/(t,a;) - f(t,y) || < L\\x - y\\ 


holds. 
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Proof. Let S be the set of rd-continuous functions on J C T. For y £ S, define 


IMI =sup||y(t)||. 
teJ 


It is easy to see that S is a Banach space with this norm. The subset of S(p) and the operator T 
are defined by 

S(p) — {X £ S : ||X S || < p} 


and 


Then, 


T ( y ) = rTT / R s )“ 1 /(s,y(s))As. 

r (a) Jto 

i p Mr t 

|T(l/(i))| < ^ / (t ~ s^MAs <— (t-s) 

r H Jtn r («) Jt 0 


1 As. 


Since (t — s)“ 1 is an increasing monotone function, by using Proposition [G] we can write that 


f (t — s)“ : As < f (t — s) a 1 ds. 

Jto Jto 


Consequently, 


|T(j/(i))| < 


M 

rR 


(t — s) a 1 ds < 


M 


to 


T(a) a 


= P- 


By considering p = we conclude that T is an operator from S(p) to S(p). Moreover, 

IITM - T(y)|| < -L f\t - sRl/Cs, x(s)) f(s,y(s))\As 

r (a) Jt 0 

■ [ (t-s) 01 - 1 As 

J to 


< 


< 


< 


to 

L \\\\x-y\U 

T(a) 

L \\\\x-y\\c 
T(a) 

L\\x — y||oo a“ La° 


[ (t — s) a 1 ds 

Jto 


r(a) a r(a + 1 ) 


-y Ik 


for x,y £ S(p). If < 1, then it is a contraction map. This implies the existence and uniqueness 
of solution to problem GH29- □ 

Theorem 24. Suppose / : J7 x R —>1 is a rd-continuous bounded function such that there exists 
M > 0 with \ f(t,y)\ < M for all t £ J, y £ M. Then problem (|TT) ~([2 |) has a solution on J. 

Proof. We use Schauder’s fixed point theorem El to prove that T defined by m has a fixed 
point. The proof is given in several steps. Step 1: T is continuous. Let y n be a sequence such 


7 













that y n —> y in C(3, M). Then, for each t £ 3, 


\T(y n )(t)-T(y)(t)\ 

< fJ-T [ (i-s)“ _1 \f(s,y n (s)) -f(s,y(s))\ As 

r (a) Jto 


< 


r~T [ ( t-s) a 1 sup |/(s, y n {s)) — f(s, j/(s))| As 

v Jto sGj' 


< 


< 


< 


< 


>to 
rt 


n 

II f(-,Vn(-)) - 

r(«) 

ll/(-^n(-)) 

r(a) J t0 

ll/(- 1 j/n(-)) - Hoc g a 

T(a) a 

a a ||/(-,!/„(•)) - /(•.2/('))lloo 




(t — s)“ 1 ds 


T(a+1) 

Since / is a continuous function, we have 




r(a+l) 


\\f(-,y n (-)) - 


0 as n —> <x). 


5tep 2: the map T sends bounded sets into bounded set in C(3,^)- Indeed, it is enough to show 
that for any p there exists a positive constant l such that, for each 

y £ B p = {y £ C(3 , K) : |M|oo < p}, 

we have ||T(y)|| 00 < l. By hypothesis, for each t £ 3 we have 


< 


r(a) J 

1 1 

to 

M 


r(a) J 


M 

r. 

r(a) J 

L 

Ma a 


«r(a) 


Ma c 

y. 

r(a + 

l) 


= l. 


Step 3: the map T sends bounded sets into equicontinuous sets of C(3, M). Let t\,t 2 £ 33i < ^ 2 , 



Bp be a bounded set of C(J, M) as in Step 2, and y £ B p . Then, 


\T(y)(t 2 )-T(y)(ti)\ 


< 


1 


< 


T(a) 

1 


r(a) 


< 


< 


< 


M 

T{a) 

M 

rR 

M 


f (h - s)“ 1 f(s,y(s))As - f (t 2 - s)“ 1 f(s,y(s))As 

Jto Jto 

[ ((tl - s )^ 1 - (*2 - s )“ _1 + (t 2 - s)“' 1 )/(s, y(s))As 
Jto 

-[ (O -s) a_ 1 /(s,t/(s))As 

Jt 0 

[ ((tl - s )“ _1 - (t 2 - s) a_1 )As + f (t 2 — s) a_1 As 

«/ to tl 

f 1 ((tl - s )*" 1 - (t 2 - s)"- 1 )^ + f\t 2 - s)“- 1 ds 

«/ to «/ tl 


T(a + 1) 

2M 

T(a + 1) 


[(O — U)“ + (U — io) a — (0 — *o)“] + 


M 


T(a + 1) 


(*2 - h) c 


(t 2 — ti) a + 


M 


T(a + 1) 


[(U — io)“ — (O — io) Q ]- 


As ti —>• t 2 , the right-hand side of the above inequality tends to zero. As a consequence of 
Steps 1 to 3, together with the Arzela-Ascoli theorem, we conclude that T : C(J,R) —> C(J7", IR) 
is completely continuous. Step 4- a priori bounds. Now it remains to show that the set 

n = {y £ C(J,R) : y = AT(j/),0 < A < 1} 

is bounded. Let y £ fb Then y = AT (y) for some 0 < A < 1. Thus, for each t £ J, we have 

1 

I to 


y(t ) = A 


Lr(a) 


[ (t-s) a 1 f(s,y(s))As 

Jto 


We complete this step by considering the estimation in Step 2. As a consequence of Schauder’s 
fixed point theorem, we conclude that T has a fixed point, which is solution of problem CD ©■ □ 
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